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a b s t r a c t

The presented algorithm allows calculation of multicomponent gas separation in hollow-fibre membrane
modules in co-current, counter-current and cross-flow configurations. The permeators can be combined
in any system with recycles. The algorithm is based on the finite difference Gauß–Seidel method. The
solution of the system can be stabilised by means of adaptation of the relaxation factor in case of difficul-
ties with convergence. The performance of the algorithm was evaluated in terms of the required number
of iterations and computational time for a number of single permeator and multipermeator separation
eywords:
as permeation
umerical modelling
iogas upgrading
odule performance
ulticomponent separation

problems. The counter-current configuration with component gases having high selectivities required
the most computational time.

The permeation of a biogas-like gas mixture consisting of three components: methane, carbon dioxide
and oxygen was modelled and compared with an experiment. The results of the modelled gas separation
were found to be in good agreement with the measured values. The highest performance was achieved

nfigu
by the counter-current co

. Introduction

The mathematical modelling is an indispensable tool in the
esign of gas permeation systems. The interest for the modelling
f membrane permeators appeared already with their first imple-
entations. One of the first mathematical formulations of the flow

n gas permeators can be attributed to Stern and Wang [1]. The
uthors defined material balances using ordinary differential equa-
ions for binary mixtures in a single permeator and tried to solve
hem using the trial-and-error method. Similar methods were used
n further studies [2,3] and proved to converge with difficulties
specially if an inadequate initial guess was given.

Pan [4] formulated governing equations for multicomponent
ermeation systems assuming that all considered flow configu-
ations can be approximated as the cross-flow configuration. The
quations could be solved using the trial-and-error method or an
terative method. For the iterative method, the concentration of one
omponent in the residue had to be provided. A similar method was
sed by Bhide and Stern [5,6] to identify the optimal process con-

gurations for the natural gas treatment and for the production of
xygen from air. Probably the greatest disadvantage of Pan’s for-
ulation is the simplification of the flow on the permeate side. As
result, the model does not predict the permeation correctly for
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higher stage cuts [4]. Kaldis et al. [7] suggested that Pan’s equa-
tions could be solved using the orthogonal collocation method.
However, they assumed a constant concentration profile on the
permeate side. The algorithm delivered only approximate solutions
and the computational effort increased greatly if higher accuracy
was required. More recently, Chowdhury et al. [8] proposed a new
numerical algorithm for the Pan’s equations and implemented the
solver into a commercial process simulation tool.

The Runge–Kutta integrators represent a set of successful
numerical techniques for the modelling of gas permeators [9–11].
However, the methods benefit from the fact that the problem of
permeation of binary mixtures can be reduced to a single differ-
ential equation. As a result only permeation of binary mixtures can
be approached with these methods. Moreover, the implementation
of the integrators can be cumbersome if used in the modelling of
multistage systems.

Thundyil and Koros [12] presented a method for the modelling
of three configurations: co-current, counter-current and, as first,
radial cross-flow. In the model named ‘succession of states’, the
mass balances were calculated with an iterative method for a finite
number of states/elements. Although the model could be extended
to cope with multicomponent systems, solely equations for binary
systems were presented.

Coker et al. [13] transformed conservation equations for a sin-

gle permeator into the form that could be fitted into a tridiagonal
matrix. Subsequently, the matrix was solved using the Thomas
algorithm. The feed and permeate flows were modelled in detail.
However, it was not revealed how the method could handle the
modelling of multistage systems with recycles.

http://www.sciencedirect.com/science/journal/03767388
http://www.elsevier.com/locate/memsci
mailto:aleksander.makaruk@tuwien.ac.at
mailto:michael.harasek@tuwien.ac.at
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Also, averaging methods are applied successfully in the mod-
lling of gas permeation. Chen et al. [14] presented a method
ased upon the concept of the average driving force approxima-
ion. The results provided by the approximate model were in very
ood agreement with the exact solutions for lower stage cuts. Fur-
hermore, the model could calculate cases with a high number of
omponents achieving at the same time reasonable computational
imes. A similar approach was used in the work of Pettersen and
ien [15], where the analogy to heat exchanger systems and the
oncept of the logarithmic mean of driving force were applied.

Some part of the most recent research on gas permeation sys-
ems focuses on optimisation algorithms [16–19]. Optimisation
ools require robust gas permeation models in order to predict
he behaviour of a permeator system correctly. However, it can be
oticed that the contemporary optimisation tools use simplified
as permeation models, which could suggest that the algorithms
or detailed gas permeation models are not reliable enough to be
sed together with advanced optimisation algorithms.

In this work, a numerical method is presented that is able to
odel multicomponent multistage hollow-fibre membrane sys-

ems. The algorithm is an iterative approach based on the finite
ifference Gauß–Seidel method and can calculate the permeation

n co-current, cross-flow and counter-current flow configurations.
he algorithm is easy to program, effective and can cope with addi-
ional nonlinearities like variable permeances or pressure loss. The
erformance of the solver, i.e. computational effort and conver-
ence, is evaluated for a few single stage and multistage permeation
roblems. The results obtained from the modelling are verified
xperimentally for a biogas-like gas mixture consisting of methane,
arbon dioxide and oxygen.

. Modelling

.1. Governing equations

The starting point is the definition of the conservation of com-
onent gases in one dimension for the feed channel and for the
ermeate channel. In this work, the Standard Temperature and
ressure (STP) volume is used to account for the amount of gas. The
onservation of each component is considered separately. Under
he assumption that the partial volume flow of a gas component
changes due to its local trans-membrane flow, the conservation
quations can be expressed by

dFi

dl
= −Q ′

i , (1)

dPi

dl
= Q ′

i , (2)

here F and P are volume flows in the feed channel and in the per-
eate channel respectively, l is the longitudinal coordinate of the
embrane and Q is the local trans-membrane flow. In hollow-fibre

as permeators, the local trans-membrane flow is usually modelled
sing the solution-diffusion equation [20]:

′
i = Q

′′
i s�d = �i(xipF − yipP)s�d, (3)

here s is the total number of fibres, d is the diameter of the active
ayer, � is the permeance, p is the absolute pressure and x and y
re the volume fractions in the feed channel and in the permeate
hannel respectively. Since perfect gas is assumed, volume fractions
re equal to molar fractions.

The permeance depends on a series of process parameters like

emperature, pressure or the flux coupling with other gas compo-
ents and can be included in the presented model if the required
elations are known:

i = f (T, pF , pP, x0, x1, . . . , y0, y1, . . .). (4)
brane Science 344 (2009) 258–265 259

The conservation equations for a component i given by Eqs. (1)
and (2) are coupled with the conservation equations of other gas
components by means of the following expressions:

xi = Fi

k∑

i=1

Fi

, (5)

yi = Pi

k∑

i=1

Pi

. (6)

In the cross-flow configuration there is no permeate flow along
the membrane and the concentration in the permeate channel is
given by

yi = Qi

k∑

i=1

Qi

. (7)

The system to be solved consists of 2k coupled nonlinear dif-
ferential equations, where k is the number of gas components. The
system can consist of additional equations that influence the result
of the modelling by varying process parameters. For example, if the
high pressure feed is on the bore-side, the pressure loss generated
in the laminar flow along the distance �l can be expressed by

�pF =

k∑

i=1

Fi�128 �lpSTPTF

s�D4pF TSTP
, (8)

where � is the dynamic viscosity of the gas and D is the inter-
nal diameter of the fibre. The above equation represents the
Hagen–Poiseuille law in the form suitable for systems that use STP
volume flows. The dynamic viscosity � that influences the pressure
loss and, as a result, the permeation of the component gases also
depends on the concentration of component gases. This introduces
an additional coupling factor that the numerical method must
cope with.

2.2. Numerical algorithm

Eqs. (1) and (2) can be interpreted as one-dimensional Pois-
son equations, which are elliptic partial differential equations. The
solution of elliptic partial differential equations can be attempted
by various methods, for which numerous references are available
in literature. The method suggested in this work derives from the
iterative finite difference Gauß–Seidel method [21]. The finite dif-
ference discretisations for three flow configurations: co-current,
cross-flow and counter-current for a single component i and in a
domain consisting of c discrete points are presented in Fig. 1. The
points with the index j = 1 are used for the specification of bound-
ary conditions of Dirichlet type [21] and do not participate in the
trans-membrane flow.

The volume flow gradients are approximated using the first
order upwind finite difference scheme:

dFi,j

dl
= Fi,j − Fi,j−1

�l
, (9)
dPi,j

dl
= Pi,j − Pi,j−1

�l
. (10)

Hence Eqs. (1) and (2) can be transformed to calculate the value
of STP volume flows for a specific gas component i at a discrete
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− Fn

i,j), (16)
Fig. 1. 1D finite difference discretisations for co-cur

oint j. The corresponding equations for the co-current configura-
ion are:

n+(1/2)
i,j

= Fn
i,j−1 − �l�n

i,j(x
n
i,jp

n
F,j − yn

i,jp
n
P,j)s�d (11)

n+(1/2)
i,j

= Pn
i,j−1 + �l�n

i,j(x
n
i,jp

n
F,j − yn

i,jp
n
P,j)s�d (12)

In the permeate channel of the cross-flow configuration there
s no permeate flow along the membrane, therefore the volume
onservation in the permeate channel is expressed simply by

n+(1/2) n n n n n

i,j

= �l�i,j(xi,jpF,j − yi,jpP,j)s�d (13)

As for the counter-current flow configuration the equations are:

n+(1/2)
i,j

= Fn
i,j−1 − �l�n

i,j(x
n
i,jp

n
F,j − yn

i,c−j+2pn
P,c−j+2)s�d (14)
ross-flow and counter-current flow configurations.

Pn+(1/2)
i,j

= Pn
i,j−1 + �l�i,j(x

n
i,c−j+2pn

F,c−j+2 − yn
i,jp

n
P,j)s�d (15)

A new variable n has been introduced in the aforementioned
equations. The variable n denotes the state of the variables before
the iteration step, n + (1/2) denotes the half-step variables and n +
1 denotes the variables after the iteration is completed. The full
iteration step for the feed channel and for the permeate channel is
expressed by the following extrapolations:
Pn+1
i,j

= Pn
i,j + �(Pn+(1/2)

i,j
− Pn

i,j), (17)

and in the permeate channel for the cross-flow configuration by
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n+1
i,j

= Q n
i,j + �(Q n+(1/2)

i,j
− Q n

i,j), (18)

here � is the relaxation factor.
The solution procedure is relatively straightforward. The solver

oops over the discrete points performing the half-step and full-step
perations for each discrete point. The flow variables are updated
nstantly so that they can be used in the calculations of the next
oint. The looping is performed always in the direction of the
ow as visualised in Fig. 1. The feed flow is calculated from left
o right regardless of the configuration used. The permeate flow
n the co-current configuration is calculated from left to right. In
he counter-current configuration, the permeate flow is calculated
rom right to left. The permeate flow in the cross-flow configura-
ion can be calculated in both directions. After the extrapolation of
olume flows for each discrete point has been completed, the con-
entrations are calculated for the next iteration step using Eqs. (5)
nd (6) or (7). At this point, other dependent variables like pres-
ure or variable permeability are calculated as well. For instance
he pressure profile in the feed channel can be obtained from

F,j = pF,j−1 −

k∑

i=1

Fi,j�j128 �lpSTPTF,j−1

s�D4TSTPpF,j−1
. (19)

If an exact calculation of pressure loss is required, the dynamic
iscosity can be calculated at discrete points from the gas con-
entrations using the methods of Chung and Wilke, which were
escribed in detail in [22].

The solver proceeds with the iterations until the convergence
riterion for every gas component and every discrete point is met

Fn+(1/2)
i,j

− Fn
i,j| ≤ ı, (20)

here ı is the convergence criterion. In the aforementioned equa-
ion, the partial feed volume flow at the beginning of an iteration
tep is subtracted from the partial feed volume flow calculated at
he half-step. If for every discrete point the absolute value of this
ifference is smaller than or equal to ı, the solution is assumed
o be convergent. The value of ı should be chosen with caution;
xcessively high values will lead to false results, excessively low
alues will result in a very high iteration number. Typically, we
hoose ı to be at least one thousandth of the smallest component
olume flow in the model, i.e. if the smallest feed volume flow of
gas component were 1 m3/s, a reasonable value for ı could be

.001 m3/s.
The first iteration step in the solution procedure requires some

nitial values of the gas concentrations for both feed and permeate
ide of the membrane. These can be given for each of the discrete
oints by rough initial guesses:

i,j = xi,1 (21)

i,j = xi,j�i

k∑

i=1

xi,j�i

(22)

If the calculation of pressure loss is required, the initial values
or pressures must be provided for each of the discrete points. For
he initial values it is enough to distribute the feed and permeate
ressure along the membrane:

F,j = pF,1 (23)
P,j = pP,1 (24)

The solution procedure is visualised in Fig. 2. A more detailed
escription of the algorithm for a multistage case can be found in
ppendix A.
Fig. 2. Solution procedure.

2.3. Model evaluation – simplifications

The equations presented in the previous sections provide a sim-
plified interpretation of the flow in gas permeators and certain
assumptions have been made. Firstly, it is assumed that the flow in
the permeator is perfectly one-dimensional. Secondly, it is assumed
that there is no diffusion or dispersion of gas components in the
direction parallel to the membrane. Furthermore, we neglect the
concentration polarisation normal to the membrane. A few theo-
retical [23–25] and experimental studies [26] were performed on
the topic of concentration polarisation in gas permeation. Mour-
gues and Sanchez [23] report in their theoretical investigation that
there exist certain values of selectivity and permeance above which
the phenomenon of concentration polarisation in hollow fibres
becomes significant. Typically, concentration polarisation needs to
be taken into account for membranes with high permeances and for
separations of gas–vapour mixtures [26]. For example, the stagnant
film theory combined with mass transfer coefficients [27] could be
used to model concentration polarisation effects for each of the dis-
crete points in the presented model. In this case, a high-selective
system should be investigated experimentally to verify the results
provided by the model.

Typically, the behaviour of gas permeation in real processes

diverges from the simple solution-diffusion equation. In isother-
mal conditions, the permeance of a single gas can be influenced
by pressure effects [28,29] and by the polymer swelling induced
by the permeation of carbon dioxide [29]. The present algorithm
is able to calculate permeation processes where the permeance is
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Table 1
Computational effort for several permeator configurations.

Gas components System Discrete points � ı (m3/s) Iterations CPU time (s)

xCH4 = 0.65, xCO2 = 0.35 Single co-current 200 0.9 1e−5 23 0.27
xCH4 = 0.65, xCO2 = 0.35 Single counter-current 200 0.4 1e−5 561 5.17
xCH4 = 0.65, xCO2 = 0.34, xO2 = 0.01 Single counter-current 200 0.4 1e−6 370 4.86
xCH4 = 0.65, xCO2 = 0.335, xO2 = 0.01, xH2O = 0.005 Single co-current 200 0.7 1e−6 70 1.15
xCH4 = 0.65, xCO2 = 0.335, xO2 = 0.01, xH2O = 0.005 Single counter-current 200 0.05 1e−6 6,044 90.92
xCH4 = 0.65, xCO2 = 0.335, xO2 = 0.01, xH2O = 0.005 Two counter-current stages LP1-2b [30] 200 0.05 1e−6 6,280 96.59
x = 0.65, x = 0.335, x = 0.01, x = 0.005 Two counter-current stages LP1-2b [30] 400 0.05 1e−6 10,350 321.56

es LP1
ges LP

a
p
t

2

e
t
e
t
t
v
n
p
r
w
c
t
o

o
s
a
e
w
a

r
T
2
i
˛

u
t

g
c
c
c
r
F
m
6

c
t
A
t
s
m
s

CH4 CO2 O2 H2O

xCH4 = 0.65, xCO2 = 0.34, xO2 = 0.01 Two counter-current stag
xCH4 = 0.65, xCO2 = 0.34, xO2 = 0.01 Three counter-current sta

function of other process parameters. However, we use constant
ermeances and the solution-diffusion model in its basic form in
he modelling examples given in this work.

.4. Model evaluation – numerical robustness

In the present algorithm, the proper choice of both solver param-
ters: relaxation factor � and convergence criterion ı is vital for
he successful solution of the equations. Basically, the system of
quations requires to be under-relaxed, i.e. � needs to be smaller
han 1. Higher � values generally result in lower computational
imes. However, difficult systems like stiff systems or systems with
ariable permeances require the reduction of � values and higher
umbers of iterations to approach a convergent solution. For sim-
le systems with few components and moderate selectivities, the
elaxation factors are typically between 0.4 and 0.9. For systems
ith high stiffness caused by high selectivities, the fast permeating

omponents can make the solution unstable. For such problems,
he reduction of the relaxation factor down to 0.05 is necessary to
btain a convergent solution.

In literature, the computational effort for the complete solution
f nonlinear differential equations in multicomponent permeator
ystems is frequently considered to be much higher than for
pproximate solutions [7,14,15,17]. Therefore it is necessary to
valuate the computational efficiency of a new algorithm that deals
ith the detailed modelling of gas permeation, so that it can be used

s a reference point for other computational methods.
Table 1 presents results of the computational effort that is

equired for the solution of a number of permeator systems.
he computational tests were performed on a machine using
.2 GHz AMD-Athlon 64TM processor. The solver was programmed

n Matlab® 7. The ideal selectivities of the membrane were:

CO2/CH4
= 40, ˛O2/CH4

= 6.66 and ˛H2O/CH4
= 200. The feed vol-

me flow equaled 1 m3
STP/s. The calculation of pressure loss using

he variable dynamic viscosity was included in the model.
It can be seen that for simple single unit systems, conver-

ence is reached within seconds. Generally, the counter-current
onfiguration needs lower relaxation factors and is much more
omputationally expensive than the co-current configuration. The
omputation of fast permeating components requires further
eduction of the relaxation factor and longer computational time.
or example, a stiff system with two counter-current stages, a per-
eate recycle and four components gases required approximately
min to converge.

While performing test it was found that for a single module the
omputational effort decreased for decreasing stage cuts, i.e. sys-
ems with relatively small permeate flows were computed faster.

s for multistage systems, it was observed that the computational

ime was largely influenced by recycle flows, more precisely, the
ystems with relatively large recycle flows converged slower. Sum-
ing up, the algorithm is able to calculate easy as well as difficult

ystems within reasonable time. The computational effort required
-2b [30] 400 0.4 1e−6 1,272 32.58
1-3a [30] 400 0.4 1e−6 381 49.82

for the solution is largely influenced by a series of factors like
boundary conditions and system configuration. The computational
time can be minimised by the optimisation of the relaxation factor.

As far as the discretisation scheme is concerned, the compu-
tation of finite differences using the second order upwind scheme
instead of the first order upwind scheme (Eqs. (9) and (10)) virtually
did not improve the accuracy.

3. Experimental

3.1. Test rig

The feed gas was mixed using digital mass flow controllers
5850S provided by Brooks® Instrument (methane and carbon diox-
ide) and a digital mass flow controller red-y GSC provided by
Vögtlin Instruments (oxygen). The permeate flow was measured
using a digital mass flow meter 5860S provided by Brooks® Instru-
ment. The heating oven Venticell 222R supplied by MMM-Group
was used to provide isothermal conditions. The temperature of
the feed gas was measured by a three-wire resistance thermome-
ter purchased from JUMO. The absolute pressure values in the
retentate and in the permeate channel were measured by elec-
tronic pressure transmitters PTX 1400 provided by GE Sensing.
The retentate pressure was controlled by a proportional valve type
2834 provided by Bürkert. The retentate gas compositions were
analysed using a mass spectrometer OmniStar provided by Balz-
ers Instruments. The experiment control and data acquisition was
performed by a PLC type RX3i provided by GE Fanuc. The tested
membrane module consisted of 800 polyimide hollow fibres with
the length of 0.38 m and the total membrane area of 0.38 m2. To
obtain pure gas permeances, the variable pressure tests were run
for each of the gases. The pure gas permeances were calculated by
determining the average from several measurements. Plasticisation
was not observed during measurements for the range of pressures
used (up to 10 bar). The determined pure gas permeances were:
�CH4 = 1.59e − 6 m3

STP/(m2 bar), �CO2 = 5.91e − 5 m3
STP/(m2 bar)

and �O2 = 1.36e − 5 m3
STP/(m2 bar). The relative error of the deter-

mined permeances equals ±2%. The gas cylinders with the pure
gases as well as the gas mixture for the calibration of the mass
spectrometer were provided by Air Liquide. The flow diagram of the
test rig is shown in Fig. 3. Due to technical reasons, only bore-side
feed configurations were tested. However, the algorithm allows
calculation of both bore-side feed and shell-side feed configura-
tions.

3.2. Variable feed flow tests
A three-component biogas-like mixture was used for the model
verification. Biogas is a multicomponent mixture that contains
mainly methane and carbon dioxide with smaller amounts of
other gases [31]. Recently, more focus has been put on the biogas
upgrading due to environmental reasons and the membrane gas
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Fig. 4 compares the performance of the tested module that was
achieved during the experiment with the numerical model. The
values predicted by the model fit well into the experimental data
within the error limits. It can be noticed that for lower stage cuts the
Fig. 3. Flowsheet o

ermeation proves to be a reasonable choice for this task [32,31,33].
esides the model verification purposes, the permeation of a multi-
omponent biogas-like mixture could be interesting for the design
f gas permeation systems for biogas upgrading. Since the common
bjective for the biogas upgrading is the production of a natural
as substitute, the purified biogas must fulfil natural gas standards
f the supplied natural gas grid. The natural gas standards usually
imit the content of secondary components [31]. As a result, not only
ermeation of carbon dioxide and methane but also permeation of
ther components should be considered. In case of this experiment,
he permeation of methane and carbon dioxide with an addition of
xygen was investigated.

The feed gas mixture consisted of the following gas volume
ractions: XCH4 = 0.645, XCO2 = 0.345 and XO2 = 0.01. The abso-
ute pressures in the retentate and in the permeate were constant
nd equal to 9 bar and 1.1 bar respectively. The feed gas tempera-
ure equaled 43.3 ◦C. The total feed volume flow was varied within
he limits of 1.5 lSTP/min and 5 lSTP/min. The modelling embraced
wider spectrum of feed volume flows: from 1 lSTP/min up to
5 lSTP/min. Both configurations: co-current and counter-current
ere tested.

ig. 4. Modelled and measured methane concentration versus methane recovery.
xperimental setup.

4. Results and discussion
Fig. 5. Modelled and measured gas concentrations versus stage cut for the co-
current flow.

Fig. 6. Modelled and measured gas concentrations versus stage cut for the counter-
current flow.
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Fig. 7. Three-stage low-pr

as separation becomes similar for both configurations. This agrees
ith the assumptions of Pan [4] that the flow on the permeate

ide can be simplified for the calculation of ‘high-flux’ permeation.
or higher stage cuts, both configurations provide visibly different
esults; the counter-current configuration is able to obtain higher
ethane concentrations in retentate than the co-current configu-

ation.
The retentate gas concentrations for variable stage cuts are pre-

ented in Fig. 5 for the co-current configuration and in Fig. 6 for
he counter-current configuration. The modelled values are in good
greement with the measured values. The model slightly overesti-
ates methane enrichment, which can be attributed to the model

implifications and to the error in the measurement.
The absolute error of the concentration measurements was

ssumed to be 1%. Higher error limits of the methane recovery and
he stage cut result from the error in measurement of the mixed
ases volume flow.

As shown by the modelling and experiment, the single counter-
urrent module is able to reach high methane concentrations and
imultaneously reduce the fraction of oxygen in the produced
etentate gas.

. Conclusions

The presented algorithm is an iterative numerical method for
he calculation of gas permeation systems equipped with hollow-
bre modules. The algorithm is able to calculate the permeation of
ulticomponent gas mixtures in co-current, counter-current and

ross-flow configurations. The permeators can be arranged in any
ascade with arbitrary number of recycles. The algorithm permits
lso the calculation of systems with additional nonlinearities like
ariable permeances or the feed pressure loss.

When performing computational test, large differences in the
omputational effort for various gas permeation configurations
ecame apparent. While systems using the co-current flow config-
ration could be solved within a fraction of a second, the systems
rranged in the counter-current required considerably much more
ime to converge. In addition, the computational effort was influ-
nced by the stiffness of the system; the permeation of gases with
elatively high selectivities required a reduction of the relaxation
actor and longer computation.

The solution provided by the algorithm has been verified with
xperimental results for a single permeator in the co-current
onfiguration and in the counter-current configuration for a three-
omponent gas consisting of methane, carbon dioxide and oxygen.
he results provided by the modelling agreed well with the exper-
ment.

The future work connected with the algorithm could include
n automatic adjustment of the relaxation factor to the stiffness of
he problem, a concentration polarisation model, and optimisation

ethods.
cknowledgements
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feed cascade LP1-3a [30].

Appendix A.

We consider a solution procedure for the calculation of the
three-stage low-pressure feed cascade presented in Fig. 7. The solu-
tion of the system starts with the initialisation. Provided that the
concentration of gas component i in the inlet to the mixer between
cascades B and C is Xi, its initial concentrations in both feed channel
and permeate channel of the stages A, B and C are given by:

xA
i,j = Xi, (A.1)

xB
i,j = Xi, (A.2)

xC
i,j = Xi, (A.3)

yA
i,j =

xA
i,j

�i

k∑

i=1

xA
i,j

�i

, (A.4)

yB
i,j = Xi, (A.5)

yC
i,j =

xC
i,j

�i

k∑

i=1

xC
i,j

�i

. (A.6)

The iteration begins with stage C. The volume flows of separate
gas components are calculated with Eqs. (14) and (15) and subse-
quently with Eqs. (16) and (17). The calculation of volume flows
for every discrete point is followed by the calculation of concen-
trations. The next step is the update of the boundary conditions for
stage B followed by the same calculation procedure as for stage C:

FB
i,1 = FA

i,c, (A.7)

PB
i,1 = PC

i,c + VXi. (A.8)

Finally, the boundary conditions for cascades A and C are
updated, and the usual calculation procedure is executed:

FA
i,1 = PB

i,c, (A.9)

FC
i,1 = FB

i,c. (A.10)

After every iteration the convergence check for each of the dis-
crete points is performed. Provided that the convergence criterion
has reached the desired level the looping is interrupted.

Nomenclature

List of symbols
d diameter of active layer (m)
D internal diameter of fibre (m)
F volume flow in feed (m3

STP/s)

l longitudinal coordinate (m)
p pressure (bar)
P volume flow in permeate (m3

STP/s)
Q trans-membrane flow (m3/s)
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s total of fibres
T temperature (K)
V cascade inlet volume flow (m3

STP/s)
x gas volume fraction in feed
X cascade inlet gas volume fraction
y gas volume fraction in permeate
˛ ideal selectivity
ı convergence criterion (m3

STP/s)
� dynamic viscosity (kg/(m s))
� permeance (m3

STP/(m2 s))
� relaxation factor

Superscripts
′

length specific
′′

area specific
k total of components
n iteration index

Subscripts
i component index
j discrete point index
c total of feed/permeate discrete points
F referring to feed

R
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P referring to permeate
STP standard temperature and pressure
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